Let X be a smooth quasi-projective variety over the algebraic closure of the rational number field. We show that the cycle map of the higher Chow group to Deligne cohomology is injective and the higher Hodge cycles are generated by the image of the cycle map as conjectured by Beilinson and Jannsen, if the cycle map to Deligne cohomology is injective and the Hodge conjecture is true for certain smooth projective varieties over the algebraic closure of the rational number field.
Introduction
Let X be a smooth projective variety over a subfield k of C, and CH p (X, n) Q the higher Chow group with Q-coefficients [8] . We have a cycle map to the Deligne cohomology of X C := X ⊗ k C (see [2] , [9] , [14] , [15] , [16] , [19] , [27] , etc.):
(0.1) CH p (X, n) Q → H 2p−n D (X C , Q(p)).
We are interested in its injectivity when k is a subfield of Q. For n = 0, this is conjectured by Bloch and Beilinson [2] (at least for cycles algebraically equivalent to zero), see also [20] . Note that the injectivity of (0.1) for smooth quasi-projective varieties would imply the injectivity of the refined cycle map in [28] (see also [1] ). It is expected that (0.1) would be bijective if we replace the Deligne cohomology by a certain extension group in the derived category of a conjectural category of mixed motives [4] , and that higher extension groups Ext i of mixed motives over a number field would vanish for i > 1, see [2] , [7] , [20] , etc.
Since the Deligne cohomology is expressed as an extension group in the derived category of mixed Hodge structures, the problem is closely related to the full faithfulness of the forgetful functor of the (conjectural) category of mixed motives to that of mixed Hodge structures. Note that the latter problem may be viewed as an extension of the Hodge conjecture which predicts the full faithfulness for pure motives, see [12] . Let now X be a smooth quasi-projective variety over Q. Then the cycle map induces (0.2) CH p (X, n) Q → Hom MHS (Q, H 2p−n (X C , Q(p)),
where the target is called the group of higher Hodge cycles. It is conjectured by Beilinson [3] and Jannsen [20] that (0.2) would be surjective. Jannsen also showed that the injectivity of (0.1) for n = 0 is essentially equivalent to the surjectivity of (0.2) for n = 1, where U is the complement of the support of an algebraic cycle of codimension p on X. However, any philosophical reason for the surjectivity of (0.2) does not seem to have been known in general. We show in this paper the following 0.3. Theorem. If (0.1) is injective and the Hodge conjecture is true for any smooth projective varieties over Q, then (0.2) is surjective and (0.1) is injective for any smooth quasi-projective varieties over Q. In particular, the refined cycle map [28] (see also [1] ) is injective in this case.
This gives evidence for Voisin's conjecture [30] on the countability of CH 2 ind (X, 1) Q , which can be reduced to the injectivity of the refined cycle map, see [28] . Note that the conclusion of Theorem (0.3) does not imply the surjectivity of (0.2) for complex algebraic varieties (by taking a model), because the Leray spectral sequence for a non proper morphism does not necessarily degenerate at E 2 (see also [20] ).
It is not clear for the moment whether the converse of (0.3) is true (i.e. if the surjectivity of (0.2) implies the injectivity of (0.1)) except the case n = 0 in (0.1) and n = 1 in (0.2) as treated in [20] (where it is not necessary to assume X proper for this assertion). Apparently we need a stronger condition on the surjectivity to show the injectivity in general.
Deligne cohomology of mixed sheaves
1.1. Mixed sheaves. Let k be a subfield of C. We choose and fix a category of mixed sheaves M(X) for k-varieties X such that the derived categories D b M(X) are stable by standard functors like direct images and pull-backs, see [26], [28] . We assume that there exists a natural forgetful functor
in a compatible way with the standard functors, where MHM(X C ) is the category of mixed Hodge Modules [24] on X C = X ⊗ k C. If k is not algebraically closed, we assume further that the forgetful functor factors naturally through MHM(X), the category of mixed Hodge Modules on X ⊗ k C whose D-Module part is defined over X. The reader may assume M(X) = MHM(X C ) if k is algebraically closed. Otherwise, he may assume that M(X) is either MHM(X) or M SR (X), the category of systems realizations which is a natural generalization of the category of mixed motives in a weak sense (see [12] , [13] , [20] ) where X = Spec k.
Deligne cohomology.
We denote by Q the constant object in M(Spec k). For a k-variety X, let
where a X : X → Spec k is the structure morphism. We can define the Tate twist (m) for m ∈ Z by using the cohomology of the projective space P 1 (see e.g.
[26]). We define
where H j is the usual cohomology functor. We define analogues of Deligne cohomology and homology by
Let n = dim X. Then we have a canonical morphism
using the adjunction relation
because H BM j (X, Q) = 0 for j > 2n and H BM 2n (X, Q) is naturally isomorphic to a direct sum of Q(n) by restricting to the smooth part of each irreducible component). If X is smooth and equidimensional, (1.2.2) induces isomorphisms
1.3. Canonical filtration. Let F τ be a decreasing filtration on H j D (X, Q(i)), H D j (X, Q(i)) induced by the canonical truncation τ (see [11] ) on (a X ) * Q X (i), (a X ) * D X (−i). We shift the filtration so that Gr a F τ H j D (X, Q(i)), Gr a F τ H D j (X, Q(i)) are subquotients of Ext a (Q, H j−a (X, Q)(i)), Ext a (Q, H BM j+a (X, Q)(−i)) via the spectral sequences. Note that for a = 0 and 1, we have canonical injections
by the vanishing of negative extensions. If X is smooth proper, this filtration splits by a variant of the decomposition theorem [26], and (1.3.1) induces isomorphisms. In general the surjectivity of (1.3.1) is not clear except the case where M(Spec k) is the category of graded-polarizable mixed Q-Hodge structures so that higher extension groups Ext i vanishes for i > 1 as a corollary of Carlson's formula [10] .
1.4. Hodge type conjecture for Chow groups. Let X be a smooth proper variety over k. Then the cycle map induces
The M-Hodge conjecture means the surjectivity of (1.4.1). If k = C and M(Spec C) is the category of graded-polarizable mixed Hodge structures, this is the usual Hodge conjecture.
1.5. Remarks. (i) Let U be a smooth variety over k, and X a smooth compactification. Then the pull-back
is surjective [11] , and the M-Hodge conjecture for U is reduced to that for X.
(ii) The M-Hodge conjecture for X can be reduced to the usual Hodge conjecture for X C . Indeed, a cycle on X C is defined over a finitely generated k-subalgebra R of C, and we can restrict it to the fiber over a closed point of Spec R. If k is not algebraically closed, we can use also the Galois action on the de Rham cohomology.
Cycle map of Higher Chow groups

Higher Chow groups
Let X be an equidimensional variety. We define Z p (X, n) to be the free abelian group with generators the irreducible closed subvarieties Z of X × ∆ n of codimension p, intersecting al the faces X × ∆ n I of X × ∆ n properly (i.e. dim(Z ∩ X × ∆ n I ) = dim Z − |I|), see [8] . We have face maps
Then ∂ 2 = 0, and CH p (X, n) is defined to be the homology of the complex (i.e. Ker ∂/Im ∂) which is a subquotient of Z p (X, n).
Then the inclusion induces a quasi-isomorphism
by [8] (see also [27] , 2.1).
A filtration. Let
(These morphisms will sometimes denote also the base change of them.) We have a short exact sequence in M(∆ n )
where ∆ n−1 is identified with ∆ n {n} , and the direct images by closed embeddings are omitted to simplify the notation. This gives an increasing filtration G on (j n ) ! Q U n [n] such that
to be the composition of morphisms
where the second morphism is given by the sum of the canonical morphisms (1.2.2) multiplied by a j , and the other morphisms are canonical ones. Consider the composition of u ζ with D X×∆ n → (ι i ) * ι * i D X×∆ n = D X×∆ n−1 (1)[2] for i = n, which is induced by ι * i : Q ∆ n → Q ∆ n−1 . (Here the base change of ι i is also denoted by it.) Let Z(i) = Z ∩X ×∆ n {i} . Then the composition vanishes by the assumption that ζ ∈ Ker ∂ i . Indeed, it is identified with an element of
by using the adjunction relations for the inclusion ι i : X × ∆ n−1 → X × ∆ n , and is given by the intersection multiplicity of ζ with X × ∆ n {i} at each irreducible component of Z(i), because the cycle map is compatible with the pull-back for a closed immersion of a locally principal divisor (see e.g. [25] , II). Combined with the vanishing of negative extensions, this implies the vanishing of the composition of u ζ with 
) by using the long exact sequence together with the vanishing of negative extensions.
If furthermore ζ ∈ Ker ∂ n , we see that u ′ ζ is uniquely lifted to
by a similar argument. Taking the composition with
. This construction defines the cycle map
Indeed, if ζ belongs to the image of the differential of Z p (X, • ) ′ , then v ζ comes from
which vanishes by (2.2.3)) by using the compatibility of the cycle map and the pull-back for
If n = 0 and X is smooth proper, this induces the Abel-Jacobi map [18] using Carlson's formula [10] . We can show that the cycle map is compatible with the pushforward by a proper morphism and the pull-back by a morphism of smooth quasi-projective varieties, see [27] . So it is also compatible with the action of algebraic correspondences. Let F τ denote also the induced filtration on CH p (X, n) by the cycle map, see (1.3). We have the induced morphisms
Note that the target is Ext i (Q, H 2p−n−i (X, Q)(p)) if X is smooth proper, see (1.3).
Lemma.
Let X, Y be smooth projective varieties over k, and ζ ∈ CH j+dim X (X × k Y ) Q . If the Hodge conjecture for cycle of codimension dim Y − j in X C × Y C is true, then
is induced by ζ, and Gr i F τ cl is as in (2.3.3).
Proof. By assumption, there exists ζ
vanishes for q = 2p − n − i, and ζ * • ζ ′ * • ζ * = ζ * on H q−2j (X, Q) otherwise, because H q−2j (X, Q) is semisimple. So the assertion follows from the compatibility of (2.3.3) with the action of correspondences.
Case of varieties with normal crossings
3.1. Variant of higher Chow groups. We say that Y is a variety with normal crossings if Y is equidimensional, and is locally isomorphic to a divisor with normal crossings. In this paper we assume that the irreducible components
Consider the double complex
where the differential is given by the alternating sum as usual, and ⊕ |I|=1 Z p (Y I , • ) is placed at the degree zero. Let Z p (Y, • ) be its total complex, and similarly for Z p (Y,
We can verify that the canonical morphisms
This gives an acyclic complex if we augment the complex by adding the term for Y ∅ = Y . So we get the first quasi-isomorphism. Then the second follows from (2.1.1).)
Let W be an increasing filtration on Z p (Y,
Then we have a canonical long exact sequence
We denote it by H D j (Y [a] , Q(i)) if a = b, and by H D j (Y ≥a , Q(i)) if b = +∞. Then we have a long exact sequence
, etc. Note that we have by definition
The filtration W induces naturally a filtration W on D Y ×U n which is the external
to be the convolution (see [5] 
which induce a morphism of the long exact sequence (3.
by an argument similar to (2.3). If ζ is annihilated by the differential of Z p ≥a (Y, n) ′ , then it is uniquely lifted to
by using the compatibility of the cycle map with the pull-back by a closed immersion of a principal divisor. Taking the composition with natural morphisms, we get Q(d) ). This defines the well-defined cycle map Q(d) ).
Indeed, it ζ belongs to the coboundary, then the image of u ′ ζ in
vanishes by the long exact sequence associated with 0 → G n → G n+1 → Gr G n+1 → 0. The remaining assertions follow from the construction easily. This finishes the proof of (3.2).
4.
Proof of Theorem (0.3) 4.1. Theorem. Let U be a smooth quasi-projective variety over k, and X a smooth projective compactification of X such that the complement Y is a divisor with normal crossings whose irreducible components Y i are smooth. Let Y I be as in (3.1) . Put d = dim X − p. Assume that the cycle maps 
are surjective for any a ≥ 0 in the notation of (3.1).
Proof. We first show the the surjectivity of (4.1.2) assuming that for (4.1.3). We may assume n > 0 because the case n = 0 is trivial, see (1.5) . By an argument similar to [27] , we have a commutative diagram Q(d) ). By the surjectivity of (4.1.3) for a = 0, there exists
By the weight spectral sequence [11] , we see that Q) ), and the projection of H BM q (Y, Q) to Im(H BM q (Y, Q) → H BM q (X, Q)) splits by the semisimplicity of H BM q (Y i , Q). So there exists ζ 1 ∈ CH p−1 (Y, n − 1) by (2.4) (applied to X and Y i ) such that cl(ζ 1 ) Q(d) ) and the images of cl(ζ ′ ) and cl(ζ 1 ) in Q(d) ) coincide. Thus, replacing ζ ′ with ζ ′ − ζ 1 , we may assume that cl(ζ ′′ ) ∈ Q(d) ). But this implies ζ ′′ = 0 by the injectivity of (4.1.1), and ζ ′ comes from ζ ∈ CH p (U, n). Then, using the long exact sequence of Borel-Moore homology, the assertion follows from Hom(Q, H D q (X, Q)(d)) = 0 together with the semisimplicity of H D q (X, Q). The proof of the surjectivity of (4.1.3) is by induction on a, and is similar to the above argument. Here we use (3.2) instead of the above commutative diagram. Note that the surjectivity of (4.1.3) at the initial stage of the induction (where Y ≥a = Y [a] ) follows from the Hodge conjecture, because the target of (4.1.3) vanishes if n − a > 0. This completes the proof of (4.1).
Theorem.
With the notation of (4.1), assume that the hypotheses of (4.1) are satisfied with n replaced by n + 1. Then the cycle maps
are injective for any a ≥ 0.
Proof. We first show the assertion (4.2.1) assuming (4.2.2). Consider the commutative diagram
where q = 2d + n. Let ζ ∈ CH p (U, n), and assume cl(ζ) ∈ F 2 τ H D q (U, Q(d)). Then the image of ζ in CH p−1 (Y, n − 1) vanishes by (4.2.2), and ζ comes from ζ ′ ∈ CH p (X, n). Let ξ ′ = cl(ζ ′ ). By (4.1.4), Gr 0 F τ ξ ′ comes from ξ ′′ ∈ ⊕ i Gr 0 F τ H D q (Y i , Q(d)). Then, replacing ζ ′ if necessary, we may assume Gr 0 F τ ξ ′ = 0 by the Hodge conjecture for Y i . Thus ξ ′ belongs to Im cl ∩ F 1 τ H D q−1 (X, Q(d)), and hence comes from CH p−1 (Y, n) by the same argument as in the proof of (4.2) (using (2.4)). So we may assume ξ ′ ∈ F 2 τ H D q (X, Q(d)) (replacing ζ ′ if necessary), and the assertion follows from the hypothesis on the injectivity of (4.1.1) with n replaced by n + 1.
The proof of the injectivity of (4.2.2) is similar by using induction and (3.2) instead of the above commutative diagram. This finishes the proof of (4.2).
4.3.
Proof of (0.3). The first assertion follows from Theorems (4.1) and (4.2) together with (1.3). Then the last assertion is clear by definition of the refined cycle map using the spreading out of algebraic cycles ( [6] , [17] , [29] ).
4.4.
Remark. Let X be a smooth projective variety over Q. Then the surjectivity of (0.2) for any open subvarieties with p = n = 2 would imply the injectivity of the higher Abel-Jacobi map of the indecomposable higher Chow group to the reduced Deligne cohomology (see [21] ): CH 2 ind (X, 1) Q → Ext 1 MHS (Q, H 2 (X C , Q)(2))/Hdg 1 Q ⊗ Z C * , where Hdg 1 Q = Hom MHS (Q, H 2 (X C , Q)(1)), see [27] (and also [3] , [22] , [23] ). The image of this map is countable by a rigidity argument (see [2] , [21] ), and its injectivity would imply Voisin's conjecture on the countability of the indecomposable higher Chow group. For a complex smooth projective variety, the conjecture can be reduced to the injectivity of the refined cycle map (see [28] ), and to the hypotheses of Theorem (0.3).
